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We briefly summarize our strategy to understand and rederive quantum mechanics as a conse-
quence of irreducibility. The Schroedinger equation (i.e. unitary evolution) is recovered as determin-
istic and reversible motion while the measurement process is recovered as a special case of a process
with equilibria (i.e. idempotent linear process, projection).

I. INTRODUCTION

The ideas and result summarized here are part of our
larger project Assumptions of Physics (see [1, 2] for more
details). They represent the current best understanding
and will be revised as the project matures.

This note can be summed up in the following diagram
that can be used as a guide throughout this note.

The assumptions lie on the left column. Each assump-
tion leads to one or two key insights that progressively
lead to the physical concepts in the middle column. Each
of these is then mapped to its corresponding formal
framework on the right. Note that “quasi-static process”
and “conserved density” both independently lead to the
same result of “unitary evolution”.

II. IRREDUCIBILITY

Irreducibility assumption: The state of the system
is irreducible. That is, giving the state of the whole sys-
tem says nothing about the state of its parts.

Under this assumption the state of the system is au-
tomatically an ensemble over the state of the parts as
preparation of the whole leaves the parts unspecified. For
the same reason, the entropy of these ensembles must be
the same, or some ensembles would provide more or less
information about the parts. The whole task, then, is
to characterize these ensembles without making specific
assumptions on the parts.

Let C be the state space of the irreducible system. Let
us call fragment a part of the irreducible system. The

state of a fragment will be associated with a random
variable uniformly distributed over the possible fragment
states. As we show in the context of classical mechan-
ics, distributions over states must be invariant and sym-
plectic manifolds are the only manifolds over which in-
variant distributions can be defined. As we cannot say
anything about the state of the fragments, the dimen-
sionality of this manifold must be irrelevant as long as
it is even dimensional. For simplicity, we can choose a
two-dimensional one. Therefore we are interested in the
space of bi-dimensional uniform distributions formed by
a pair of two random variables A and B.1

The values of the variables themselves are not relevant,
as they are not physically accessible by assumption. How-
ever, the size of the system µ =

∫
ρdA ∧ dB is relevant.

Without loss of generality, we can rescale A and B such
that the density ρ is not only uniform but unitary: ρ = 1.
This way the size of the system is directly proportional
to the area covered by the random variables. In other
words: the more fragments there are, the more each frag-
ment can swap its state with another without changing
the whole, the more uncertainty there is on the state of
the fragment, the higher the variance of the random vari-
ables.

Since only linear transformations will preserve the uni-
form distribution, we look to those. These are transla-
tions, stretches and rotations. Translations do not lead to
other physically distinguishable states since the exact val-
ues of A and B are not physically accessible. Stretching of
the distribution will correspond to an increase of the size
of the system, which is physically accessible. However,
only the stretching of the area is of interest. So, without
loss of generality, we can set σA = σB = σ and we have
µ ∝ σ2. Rotations just change the correlations which, by
themselves, are not physically accessible. However, under
addition the correlations still result in differences in vari-
ance and, indirectly, the size of the system, and therefore
are physically interesting. The space of transformations
is therefore given by two parameters a and b such that:

C = aA+ bB

D = −bA+ aB
(1)

1 We are looking into alternative strategies for this part, as we are
not fully satisfied with it.



2

Equivalently, we can use the complex number c = a+ ıb
to characterize the transformation, which we can note as
τ(c). The increase/decrease in size is given by a2 + b2 =
(a−ıb)(a+ıb) = c∗c and the change in correlation is given
by the Pearson correlation coefficient ρA,τ(c)A = cos arg c.

Putting it all together, we can characterize the state
space C with a complex vector space. The linear com-
bination represents the mixing of the different stochastic
descriptions. Two vectors that only differ by a total phase
are physically equivalent since a global change of corre-
lation does not change the distribution.

We can define a scalar product 〈·|·〉 where the square
norm induced corresponds to the size of the system (or
equivalently to the strength of the random variable) and
the phase difference corresponds to the correlations (the
Pearson correlation coefficient). To see this, note the for-
mal equivalence between the variance and norm rules un-
der linear composition:

σ2
X+Y = σ2

X + σ2
Y + 2σXσY ρX,Y

|ψ + φ|2 = |ψ|2 + |φ|2 + 2|ψ||φ| cos(∆θ)
(2)

The quadratic form, again, reflects the fact that the size
of the system is proportional to the variance of a random
variable. Since the size of the system is fixed, we use
unitary vectors to represent actual states. The state of
the system, then, is represented by a ray in a complex
inner product space.

Lastly, we need to define an expectation operator that
returns the average value for each physical quantity. This
operator will have to be linear under linear combination
of quantities:

E[aX + bY |ψ] = aE[X|ψ] + bE[Y |ψ]. (3)

It will not be linear under linear combination of states:

E[X|ψ + φ] 6= E[X|ψ] + E[X|φ]. (4)

Yet, it will have to be proportional to the increase in
size and invariant under a total change in correlation:
E[X|τ(c)ψ] = c∗cE[X|ψ]. This leads us to associate to
each physical quantity a linear Hermitian operator X
where E[X|ψ] = 〈ψ|X|ψ〉. An eigenstate ψ0 of X corre-
sponds to a state where all the elements of the ensemble
have exactly the same value. That is, E[(X−x̄)2|ψ0] = 0.

Note that an inner product space can always be com-
pleted into a Hilbert space. This may, however, bring in
objects that may not correspond to physical objects (i.e.
infinite expectation for some quantities). In general, we
believe it is better to regard the (possibly incomplete) in-
ner product space as the physical state space and regard
the completion as a mathematical device for calculation.
For example, the Schwartz space seems more physically
meaningful than the standard L2 space as it gives finite
expectation of all polynomials of position and momentum
and, moreover, it is closed under Fourier transform.

III. PROCESS WITH EQUILIBRIA

Process with equilibria assumption: given an ini-
tial ensemble (i.e. mixed state), the final ensemble is
uniquely determined and remains the same if the process
is applied again.

Under this assumption, the process can be charac-
terized by a projection operator. Let ρ1 be the den-
sity matrix that characterizes a mixed state. Since the
final mixed state must be uniquely determined by ρ1,
it will be P(ρ1) for some operator P. Similarly, if ρ2

is another initial mixed state, its final operator will be
P(ρ2). Note that, given any observable X the expecta-
tion E[X|ρ1] = tr(Xρ1) is the trace of Xρ1. Similarly
E[X|P(ρ1)] = tr(XP(ρ1)).

We can always create statistical mixtures of the en-
sembles and we must have E[X|aρ1 + bρ2] = aE[X|ρ1] +
bE[X|ρ2] since these are classical mixtures. But since
these are classical mixtures, the final state will also
need to obey E[X|aP(ρ1) + bP(ρ2)] = aE[X|P(ρ1)] +
bE[X|P(ρ2)] for all possible X. Which means P(aρ1 +
bρ2) = aP(ρ1)+bP(ρ2) Therefore the operator P is a lin-
ear operator. Moreover, the process applied twice must
lead to the same result, which means P(P(ρ)) = P(ρ) for
any ρ. That is, P2 = P. Therefore P is a projection.

Suppose, now, that we want to measure a quantity X.
We want the final outcome, the final ensemble, to be de-
termined by the initial state, the initial ensemble. We
also want the measurement to be consistent in the sense
that, if it is repeated immediately after, it should yield
the same result. Therefore the process will be a projec-
tion. We will also want that the process does not distort
the quantity. That is, E[X|ρ] = E[X|P(ρ)]. This means
that the eigenstates of X will correspond to equilibria of
the process. Moreover, subsequent measurements must
give the same value, not just the same mixture. That is,
if X1 is the random variable after the first instance of
the process and X2 is the random variable after the sec-
ond instance, P (X2 = x|X1 = x) = 1. This means that
E[(X − x̄)2|P(ρ)] = 0 which means the eigenstates of X
are the only equilibria.

The measurement process is therefore simply a special
case of a process with equilibria.

IV. DETERMINISTIC AND REVERSIBLE
EVOLUTION

Deterministic and reversible evolution assump-
tion: given the present state of the system, all future
(determinism) and past (reversibility) states are uniquely
identified.

Under this assumption, the process can be character-
ized by unitary evolution (i.e. the Schrodinger equation).
There are multiple different ways to see this. The first re-
lates to the more general idea that all deterministic and
reversible processes must be isomorphisms in the cate-
gory of states. Since the state space is an inner product
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space, the isomorphism is unitary evolution.
The second, is that if there is a set of quantities X0 at

time t0 that fully identify the state (i.e. the state is the
only eigenstate of those quantities), then there must be
a corresponding set of quantities X1 that fully identify
the state at time t1. This means that the evolution maps
basis to basis. Moreover, given the linearity of statistical
mixtures, this will also mean that a statistical distribu-
tion over X0 will have to map to the same distribution
over X1. Therefore the evolution must map linear com-
binations of that basis to the same linear combination.
The evolution is a linear operator. Since the total size of
the irreducible system cannot change, the operator must
be unitary.

The third, is by constructing a quasi-static process
from processes with equilibria, much like one does in ther-
modynamics. The idea is that we have an infinitesimal
time step, an initial state ψt and a final state ψt+dt. We
want P (ψt+dt|ψt) = 1. This means that |〈ψt+dt|ψt〉|2 = 1.
This can happen only if the difference between initial and
final states is infinitesimal. That is, 〈ψt+dt|ψt〉 = 1 + ıεdt
where ε is a real number. Therefore, by convention, we
can write |ψt+dt〉 = I + Hdt

ı~ |ψt〉 where H is a Hermitian
operator.

Putting these perspectives together, time evolution is

a unitary operator which can be written as U = e
H∆t
ı~ .

If we start in an eigenstate of X, that is X|ψt〉 = x0|ψt〉
we will end in an eigenstate X̂|ψt+∆t〉 = x0|ψt+∆t〉 of

another operator X̂ = e
H∆t
ı~ Xe−

H∆t
ı~ .

In fact:

e
H∆t
ı~ Xe−

H∆t
ı~ |ψt+∆t〉 = e

H∆t
ı~ Xe−

H∆t
ı~ U |ψt〉

= e
H∆t
ı~ Xe−

H∆t
ı~ e

H∆t
ı~ |ψt〉

= e
H∆t
ı~ X|ψt〉

= e
H∆t
ı~ x0|ψt〉

= x0U |ψt〉
= x0|ψt+∆t〉

(5)

This is consistent with assuming there is a quasi-static
process that, at every t, has equilibria identified by

e
H(t−t0)

ı~ Xe−
H(t−t0)

ı~ . Note that, unlike thermodynamics,
the equilibria during the evolution are not set by external
constraints but by the system itself. That is, X depends
on the initial state of the system.

In this light, the measurement processes and the uni-
tary processes can be seen as particular cases of the same
type of processes, those with equilibria, which are defined
as a black-box from initial to final state. This is consis-
tent with the irreducibility assumption as the inability
to describe the dynamics of the parts implicitly assumes
that the dynamics of the parts is at equilibrium and sets
a time-scale under which the further description of the
system (i.e. non-equilibrium dynamics) would require de-
scribing the internal dynamics.
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