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Assumption IR (Infinitesimal Reducibility). The state of the system is reducible to the _ _ S
e . P . . Classical state is a distribution over the
state of its infinitesimal parts. That is, specifying the state of the whole system is equivalent

o ' e ' ' Lo ' states of infinitesimal parts (i.e. particles)
to specifying the state of its parts, which in turn is equivalent to specifying the state of its
subparts and so on.

Recovers pairs of conjugate variables Assumption IND (Independent DOFs). The system is decomposable into independent de-
for each DOF, frame-invariant entropy grees of freedom. That s, the variables that describe the state can be divided into groups that
and count of states have independent definition, units and count of states.

Assumption DR (Determinism and Reversibility). The system undergoes deterministic and ~ Conservation of entropy/count of

reversible evolution. That is, specifying the state of the system at a particular time is equivalent states anq DOF mdgpendence recovers
o . T : Hamiltonian evolution

to specifying the state at a future (determinism) or past (reversibility) time.

Links trajectories in space with Assumption KE (Kinematic Equivalence). The kinematics of the system is sufficient to
dynamics, recovering inertia, masses reconstruct its dynamics and vice-versa. That is, specifying the motion of the system is equiv-
and scalar/vector potential forces alent to specifying its state and evolution.

Classical Mechanics (CM): IR + IND

Assumptions for
classical mechanics

Lagrangian
Mechanics:
CM + KE + DR

Hamiltonian
Mechanics :
CM + DR

Newtonian
Mechanics:
CM + KE
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Assumptions of classical mechanics
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Each assumption can be expressed in multiple different but equivalent ways

Assumption DR (Determinism and Reversibility). The system undergoes deterministic and
reversible evolution. That is, specifying the state of the system at a particular time is equivalent
to specifying the state at a future (determinism) or past (reversibility) time.

Assumption IND (Independent DOFSs). The system is decomposable into independent de-
grees of freedom. That is, the variables that describe the state can be divided into groups that

The displacement field is divergenceless: 9,S% = 0 (DR-DIV) have independent definition, units and count of states.
The Jacobian of time evolution is unitary: |8b§“‘ =1 (DR-JAC) . o
Densities are conserved through the evolution: ﬁ(éa) _ p(§b) (DR-DEN) The system is (leconlpojs‘al.)le 111tf) independent DOFs ‘ (IND-DOF)
Volumes are conserved through the evolution: délmdén = dgt...den (DR-VOL) The system allows statistically independent distributions over each (IND-STAT)
. . . DOF
The evolution is deterministic and reversible. (DR-EV) o T . P i
o o . . The system allows informationally independent distributions over IND-INF
The evolution is deterministic and thermodynamically reversible (DR-THER) ascki DOR ( -INFO)
The evolution conserves information entropy (DR-INFO) The system allows peaked distributions where the uncertainty is the (IND-UNC)
The evolution conserves the uncertainty of peaked distributions (DR-UNC) product of the uncertainty on each DOF

Assumption KE (Kinematic Equivalence). The kinematics of the system is sufficient to
reconstruct its dynamics and vice-versa. That is, specifying the motion of the system is equiv-
alent to specifying its state and evolution.

Assumption IR (Infinitesimal Reducibility). The state of the system is reducible to the
state of its infinitesimal parts. That is, specifying the state of the whole system is equivalent
to specifying the state of its parts, which in turn is equivalent to specifying the state of ils
There is a linear relationship between conjugate momentum and ve- subparts and so on.
locity

The system under study is a massive particle under scalar and vector

potential forces

(FKE-LIN)
The state of a classical system is given by a distribution over phase

(FKE-POT) space.

A classical system can be thought of as being made of infinitesimal

parts, called particles.

(IR-DIST)

(IR-INF)

The Jacobian of the transformation between state variables and kine- (FKE-NSIN)
matic variables is a non-singular function of position only.

Densities over phase space can be expressed in terms of position
and velocity by rescaling the value at each point: p(z*,v?)|.J(2*)| = (FKE-DEN)
p(a",p;)-

Areas and volumes in phase space can be expressed in kine-

matic variables, and the transformation depends on position only: (FKE-VOL)
date--dz™ dvt---dv™ = | J ()| dg*---dq™ dpy---dpy,.

The symplectic form wy, can be expressed in kinematic variables,

(FKE-SYMP)

and its components are a linear function of velocity.

Density expressed in velocity at the same position is proportional to

the density over states (FKE-PROP) -

At each position, there exists a local inertial frame (FKE-INER) https://assumptionsofphysics.org/
The position fully defines the units of all state variables, therefore .

an invertible transformation between momentum and velocity (FKE-UNIT) ASSUI}flpT,lOHS

Uniform distributions along momentum correspond to uniform dis- (FKE-UNITF) PhySlCS 5

tributions along velocity



Action principle
one DOF




Required background

e Hamiltonian mechanics

L] L] d aH d aH
e Hamilton’s equations: — = & _ _ &
dt dp dt d2q

* Lagrangian mechanics
* Action is the integral of the Lagrangian over a given path: A|y] = fyL(q(t), q(t), t)dt

e Actual evolutions are the paths that make the action stationary: 6.4 = 0
* Lagrangian is the Legendre transform of the Hamiltonian: L = pg — H

* Vector calculus
* Given a vector field v, a field line is a line always tangent to the field

* The divergence V - ¥ is the flow of the field
through an infinitesimal closed region

* A divergence-free field V - B = 0 admits a vector potential A
suchthat B =V X A

https://assumptionsofphysics.org/
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Action: A[y] = fy L(g(t),q(t), t)dt

Does not always work!

Lagrangian: L =T — U

Lagrangian for particle with charge q:

1 o
L=-mv*+qv-A—qV

2/ / /

Kinetic 27?7 Potential




Displacement Tells us how states “move”
field

g dg dp dt
|dt’dt’dt

<

Yy = [q(t),p(t),t]

/ t
Time is both a parameter /

and a variable

AR
i\

Evolutions are field lines Always tangent
of the displacement field to the field
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(DR) Determinism g [dq dp dt]

p _ ) )
(e dt dt dt
and Reversibility 9
2 S
No states are lost or created ///T - >
(count of states is preserved in time) _— -
-
O ~
S-dX =0 d

)

= Divergence-free displacement

— >

v . S — O Vector potential
N\

- -

ﬁ
Displacement admits S=-VX@0

a vector potential /

Minus sign added to match conventions

https://assumptionsofphysics.org/
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64, 6p, 6]

J Fix gauge: 8, —» 0, — 9, fop 6,dp
[64,0,6]

Jﬁz%%—%e

[p' O, Ht]

J Rename 6,

[p; O, _H]

dt

=—=1
Pdt

Without loss of generality
S=-Vx6
é) — [p; O, _H]

similar to four-momentum

https://assum ptionsofphysics.org/
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Line integral of 0

p
fy 5 ) d)_; Express in components : 14 .
/ 3
— fy [P; O, _H] //
. [dq dp dt] dt ?
dt’ dt’dt

— f L(q’ q' t) dt D Assuming (KE) Kinematic Equivalence:
p=p(q.q1)
= cfl V]

The action is the line integral
of the vector potential of the flow of states

https://assum ptionsofphysics.org/
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Flow between a path y

and its variation y’ v

R R ) )
®[X] =—[ffgS-dx S

5 R Hami'lton
— ffz v X H . dz equations é
- _, Stokes’ theorem ] .

= Sﬁaz_)g . d]/ . : t
=0 fy 0 -dy The variation of the action
=3 fy L dt is the flow between
= SA[y] path and its variation e

Assumptions

Physics "



If the path y is an evolution

of the system q
S ! > S
D[X] = _HZS dx /// \/

flow is tangent

If the path y is not an

evolution of the system, o |
we can always find a Action Is stationary over

variation y’ such that and only over evolutions

~J[;$-dZ=6[6-dy#0

https://assum ptionsofphysics.org/

Assunflptions
Physics
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1 DOF of classical phase space
+

Determinism/Reversibility
+

Kinematic equivalence

)

Principle of stationary action \ ...
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Action principle
multiple DOF




Required background

* Elements of differential geometry

» A differential n-form takes n vectors and returns a number that depends on the volume of
the paraIIeIeplped}must be anti-symmetric):

W [ dw E,dx“
ch f Babvawb
j: v PabcV “whuc

. Pseudo vectors are reaIIy two-forms in 3D: B — B;
* The exterior derivative generalizes gradient, curl, divergence:
Vf -0, Nf VXO0->0,N0, V-B->d,;ABy
* Generalized properties
* Generalized Stokes theorem: [ 3, A 6, dZ%" = [, 6,dy®

* Define closed form as having zero exterior derivative: d; A wgp = 0

* A closed form (locally) admits a vector potential:
Wqap = aa N Hb = 0a9b — abea

https://assumptionsofphysics.org/
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Phy81cs



Characterize configuration flow
pP1 | P2

Flow of configurations through an infinitesimal surface q

Ly

— 2,0 b
dd = vw, W

RRER!

Function of surface: wg, = —wpq

" g2 ‘

change of order = change of orientation

. T _ Configurations are conserved
(DR) Determinism and reversibility: 9; A wg, = 0 | » through time
t
(IND) DOF ind d ) aqi ANwgp =0 Configurations are conserved
independence: 3 Aw =0 | . -+ cross DOF
bi ab q'

https://assumptionsofphysics.org/

Assunflptions
Physics
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Oqg N wpe =0 Wap = —0g Ny = _(aaeb — abea)

Closed form (DR) + (IND)

0aOp — Obl,

/

Vector potential

0 is the potential of w

a 'f-‘gqj - aqjgpi apigpj — UpiVpg 6p-ﬁt - 8t9p.,;
00,5 — il Oy, — Op0;  O40;— s0y

(9qrapj - aqu@‘ aq-ao — 8pjp3' aqi(—H) — Otpi
Op;Pj = 04 0 Op;0 = 0p,0 Op, (—H) — 3;0
| Ipj —8qj(—H) 3t0—5pj(—H) O (-H) - 9(-H)

[ 0-0  0-¢ —aqz-H—o]

[ 0,0, — 0,305 Oy, —Op, 0y Oyl — 4,
Op 0
Oo=|pi 0 -H]J

without loss of generality

L

-0 0-0  -3,,H-0
| O+8qu 0+6ij —6tH+8tH

g0 -9,H

0 -4 —aqu]

| 0yH 9,H 0

o . N i . ]
Weigi -~ Waip; Wqit 0 0 O H %
: — _5J
wth wtpj- wtt ) i _6qJ H _8PJ H ) https://assumptionso.fphysics.org/
Assumptions
of & .
Physics -



Displacement kills the flow

P1 | D2 1
q
Displacement only direction that “kills” the flow - q°
" W _
i
a b _ For all w -] ) ——S s‘_// —
S%wapw” =0 / T T
Flow is tangent (and only tangent) to the displacement yd —
a —_
S%w,p =0 t

Let’s calculate!

https://assumptionsofphysics.org/
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Displacement kills the flow

P1 | P2 1
a G
" v >
~ -
0 | (5;- 8(11-[{ P
Wab = _5f 0 6134,H -
| _0,H -0,,H _
t
Sawaq;j = Sqiqu'qj + Sp’;wpz-qj + Stwtq:f'
=_€Pj_8taqjﬂ=_spj—8qu=0 Spi:%:—a—H,
Stwap; = quwqipj + 5P wp,p; + Stwfpj dt g’
—_ J (2 — J = ]
—Sq;—Sﬁij—Sq —0p,H =0 qi_dql_aH
S% e = S Wit + SPiwp s + Sty o E - a_pl

= S0 H + 5P, H | |
- 0,,Hd,H-9,Hd, H=-0. Recovers Hamilton’s equations
i ql’. qt i *

https://assumptionsofphysics.org/

Assunflptions
Physics
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ga — [qir Di, t] Ha — [pi; O, _H]

f 0,dy?® = f 6,d. &%t = J (pidsq' — H)dt = f Ldt = A[y]
| 4 |4 |4 ) 4

Action is the line integral of the vector potential

N\

&

https://assum ptionsofphysics.org/
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6Aly] = 5det = 5f9adt5adt = f

0,dE® = j 9, A O,dE%dnP = — f dE%w ,dn? = —®[3]
% % ) > )

The variation of the action is the flow between
path and its variation

SA[Y] =0 & d&%wy,dn® = dtdE%wqpdn® = 0 Vdn™b
@, _ Action is stationary
& diéwyp =0 dtga — ga

, when the path kills the flow

%1

N\

https://assumptionsofphysics.org/
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DOF independence
+

Determinism/Reversibility
+

Kinematic equivalence

)

Principle of stationary action \ ...

Assumptions
of & .
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Relativistic mechanics




Required background

* Special relativity

 Space and time coordinates are grouped together: g% = [Ct, qi]

Metric tensor g,z defines the geometry of space-time (i.e. lengths and angles)
Using (—, +, +, +) signature: ds? = —dt? + dx? + dy* + dz?

Energy and momentum are grouped together (four-momentum): p, = [— %, pi]

Four-velocity is the velocity with respect to proper time (time in the rest frame) and its
normis —c%: u® =d.q% u%*gupuf = —c?
* For a free particle, relationship between four-momentum and

four-velocity: pﬁgﬁa = p% = mu®

https://assumptionsofphysics.org/
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Want to extend Hamiltonian mechanics to handle change of coordinates
that mix space and time variables

qg® = [t,qi] [qi(t)]}[t(g%qi(g)] Hamiltonian mechanics

on the extended
phase space

Separate time-the-variable from time-the-parameter

Recall qu 0

Ha — [pi' 0, _H] Pa = [_E' pl]
/

\ = only possible choice for conjugates
Form a covector

a Hamiltonian constraint
di — a_}[ % — 0Ft j’[(t [ E ) =0
ds Odp, ds g% » 45 55 Pi

Not just conserved quantity

https://assumptionsofphysics.org/
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a -t qi Energy-momentum covector and negative sign for
)

- W = dq l dpl — dtdE temporal DOF appear in the extended phase space
— '_E ] without knowledge of space-time geometry (or c)
Pa = L7EL,D;

<
1

Lorentzian relativity is the only “correct” one

It extends the count of configurations per DOF to the temporal DOF in the correct way
w = dqldp; + dq*dp, w = dqldp,; — dtdE

dgldp, = w + dtdE

States are counted at
equal time:

temporal DOF
orthogonal to w

2D representation
of 4D relationship

N\

Pythagoras's formula still present

&

Independent DOFs are orthogonal

https://assumptionsofphysics.org/
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. - 1 g E\*
!Exam!ole. f.ree particle 9= _(pi(ij B (_) N chZ)
in an inertial frame 2m c
dt oM 1 0 (—E)? — 1 (—2E) = E This Hamiltonian constraint is
ds 0(—E)  2mc29(—E) ~ 2mc? ~ mc? the generator for proper time
| - (i.e. affine parameter s
dq" 90X 1 0 (p:5iip;) = 26p; _mi corresponds to proper time)
ds 0dp; 2mop; " 2m m
dE d(—E) O0H ) E d(ct)
_— = = = —=m
ds ds ot four / C ds ™ four
. momentum ] locit
%=_a_}tj=() ~ B dql/ve0|y
ds ik pi=m s
"\
proper time! https://assumptionsofphysics.org/
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Compa re to ”Standard” Way Generator for proper time Nice and quadratic
2
# = — (pisiip; - (E) +m2c?
2m C

dq _ds dqi mc? p;

H = c\/mzc2 + p;idYp;

Hamiltonian is time generator

dgt 0H ——
= —c— |m2c2 St dt dtds E m
dr ~ op; "apl\/"" G
_¢ 1 aa (m2c? + pﬁ”P,) Hamiltonian mechanics on
ZszCz + py8Up; Pi e extended phase-space
- comes out more naturally
_1 26%p; _ bi and is a nicer formulation
2 Siip . 2, Ipil?
m2 _I_pl zp] m +C_2
C
Wait... quadratic? %
@ — _a_H — 0 Can E be negat|VE? https: //assump;sofphysms org/
dt aq'

Assumpuons
Physms
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Classical anti-particles

This can be negative

/ P
dit =0_pH  dy(—FE)=0,H i
dSql — aplf]—[ dSpl — aql}[ \ = ¢
— ~

Particle: affine parameter aligned with time

Anti-particle: affine parameter anti-alighed with time
\ Parametrization flows

Free particle backwards with
Anti-particle respect to time
\ E - = /
j t = negative energy
Ugl = :
TrEJ (32 An evolution cannot https://assumptionsofphysics.org/

change time alighment Assumptions

Physics



Recover standard Hamiltonian

Over valid states H = 0 and E = H(qi,pi, t) H = /\(H — E')

E=H \
dit =1 =dsdst =disO_gH = dis A Assume no E dependence
1
d;s = — =0
t 3 /

; : 1
diq"' = disdsq" = dis Oy, H = X (Op,\(H-E)+ A0y, H) =0, H

1
dipi = dpsdsp; = —dps OpH = > ((%i)\(H - F) + Aﬁqu) = -0, H

1
G E=disdFE =disO/H = X (AN(H -F)+\oH) = 0:H

https://assum ptionsofphysics.org/
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Hamiltonian constraint can “hide” multiple Hs

Free particle Hamiltonian constraint

(\/(Q‘pEPJr(rrﬂf,2)2+E)(\/(J2|pg|2+(m( )2 - F)

Q?ﬂ C
-1 \
H = (Hl - E) (HQ ) D) Negative energy Positive energy
?TLIL
H, = —H,
1 E
dStZ 2(E+E):—2
2me mc

https://assum ptionso fphysics.org/
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Classical-quantum parallel

Free particle Hamiltonian constraint

1
U= — (p.n"ps + m2c?) =
2m (“E I PB )

1

2m (pid“p; — (Efe)? + m*c?)

Hamiltonian constraint becomes Klein-Gordon equation in QM

1 0° s  m3c?
(—at—‘? ) e =0
\

minus sign from 12

&

- Density can be non-zero
Also note: p— D E—
‘7-[10 O only where H =0

https://assumptionsofphysics.org/
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Hamiltonian constraint for charged particles Sure four-velocity Kinetic term

1 1 »/ 1

1
H =—po — 942)9% (pp — q4p) + Emc2 = —mu“g,puf + -mc?

. Kinetic momentum

mugy = muﬁgﬁa = Pa — 944

\ Momentum gauge and EM gauge must cancel out

Compare to EM Klein-Gordon equation

[Cz(aa - lqAa)U“B (aa -

D, = 0, — 194,

Ag) + mct| = [c2Dan* D + m2c*|p = 0

Gauge-covariant derivative is kinetic momentum

https://assumptionsofphysics.org/
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Takeaways

* Relativistic mechanics is recovered without additional assumptions
* Relativity is needed to make densities/entropy invariant over time transformations

 Hamiltonian mechanics on the extended phase space is a more relativistic
formulation

* Hamiltonian constraint is the generator of the affine parameter, and can be taken to
generate proper time for particles and minus proper time for anti-particles

* Multiple connections to quantum mechanics
* Anti-particles already present in classical Hamiltonian particle mechanics
 Hamiltonian constraint related to Klein-Gordon (and Dirac) operators

* Gauge considerations are already present
in classical particle mechanics

https://assumptionsofphysics.org/
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Directional DOF

https://assum ptionsofphysics.org/
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Why DOFs are charted by two conjugate variables

Density, entropy, uniform distributions / X > %3 \
NOT in general coordinate-invariant / S —

The principle of indifference fails over continuous quantities

Phase space (symplectic) structure is the
only one that supports coordinate- Each unit variable (i.e. coordinate) paired

. . . A ith a conjugate of inverse units: number
— 100 wit Jug
invariant density, entropy, state count g cm/mq of states AgAk is invariant

AG =100 cm
Ag=1m

Conjugate quantities recover frame independence of states

https://assumptionsofphysics.org/
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Each DOF is charted by two variables

/

momentum

Px

dxdp,

/ possible configurations

X

™

position

(if conjugate)

&

https://assum ptionsofphysics.org/
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Angular momentum

L =|LyL,y,L,]|

y = [Lsinfcos¢,Lsinfsing,Lcoso |

Direction independent
from the magnitude %

https://assum ptionsofphysics.org/

Assurrflptions
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Angular momentum direction

d@d(p #+ possible configurations

Direction is an independent DOF

However, 8 and ¢ are not conjugate

&

https://assum ptionsofphysics.org/
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Angular momentum direction

LdQ = Lsinf8 dfdep = d(Lcos8)dg
= dL,d@y,

@y and L, are conjugate

Direction is charted by
two conjugate quantities

&

< Space is three dimensional

https://assum ptionsofphysics.org/
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Independent DOF Two dimensional
Px

Independent Space three
directional DOF dimensional

&

https://assum ptionsofphysics.org/
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Suppose

Independent DOF =  Two dimensional
Px

27?7

Independent N Space three
directional DOF dimensional

&

A single directional DOF could be made
of multiple independent DOF

https://assum ptionsofphysics.org/
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Direction in multiple dimensions

Direction is a point on a hypersphere

L=|L L] 2L—1

v / normallzed vector

2-sphere is the only symplectic manifold

Direction cannot be described
by multiple independent DOFs

https://assum ptionsofphysics.org/
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Takeaways

* Invariant densities, entropy and count of states cannot be defined in general
over the continuum

* The additional structure required is exactly the structure of phase space
(symplectic structure)

* If a direction in space forms an independent DOF, then it must be a sphere that
has the structure of phase space

* But the two-sphere is the only one possible
= Space has three dimensions

https://assumptionsofphysics.org/
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Wrapping it up

* All the core elements of classical mechanics can be rederived and understood
using four physically meaningful assumptions
* Infinitesimal Reducibility (IR), DOF independence (IND), Determinism and Reversibility
(DR) and Kinematic Equivalence (KE)
* Many physical ideas are a consequence of those assumptions
* Principle of stationary action, massive particles under scalar/vector potential forces,
relativistic mechanics, phase space (conjugate quantities), ...

* A great number of better insights from a theory that is generally
considered as “understood”

* Probably even better insights to be found

https://assumptionsofphysics.org/
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Reading group?

* If there is interest, we can set up an online reading group, livestreamed on the
research channel

* Go through the book chapter on classical mechanics together, section by section, discuss
and think of potential diagrams/figures that can help

* I'd need one person to volunteer to organize
* Help get list of interested people, find a time, send reminders, prepare thumbnail, etc...

https://assumptionsofphysics.org/
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To learn more

* Project website
 https://assumptionsofphysics.org for papers, presentations, ...

* https://assumptionsofphysics.org/book for our open access book
(updated every few years with new results)

 YouTube channels

 https://www.youtube.com/@gcarcassi
Videos with results and insights from the research

 https://www.youtube.com/@AssumptionsofPhysicsResearch
Research channel, with open questions and livestreamed work sessions

e GitHub

 https://github.com/assumptionsofphysics
Book, research papers, slides for videos...

https://assumptionsofphysics.org/
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