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NORMED REAL VECTOR SPACES



Statement models: the basics

EXAMPLES Options and statements

_ gambles f: 2 — R on some The option space % is a real linear space, consisting of options u.

set &

— indifference classes of gam-
bles on some set 2~

— Hermitian operators on a
complex Hilbert space



Statement models: the basics

The 7% is areal linear space, consisting of
A M= (A;R) C % X U represents
preferences between options:

— A is the set of those options that You
— R is the set of those options that You

u.



Statement models: the basics

The

A

7 is areal linear space, consisting of

M= (A;R) C U x % represents

preferences between options:

— A is the set of those options that You

R is the set of those options that You

u € A: You want to the option u

1 € R: You don’t want to the option u

1 € —A: You want to the option u

u € —R: You don’t want to the option u

u.



Statement models: the basics

Options and statements
The option space % is a real linear space, consisting of options u.

A statement model M = (A; R) C % x % represents
preferences between options:

— A is the set of those options that You
— R is the set of those options that You

Other relevant option sets

— ANRis Your set of conflicted options
— U \ (AUR) is Your set of unresolved options



Statement models: the basics

Options and statements
The option space % is a real linear space, consisting of options u.

A statement model M = (A; R) C % x % represents
preferences between options:

— A is the set of those options that You
— R is the set of those options that You

Other relevant option sets

— ANRis Your set of conflicted options
— U \ (AUR) is Your set of unresolved options

— AN —Ris Your set of desirable options
— AN —Ais Your set of indifferent options



Statement models: the basics

Options and statements
The option space % is a real linear space, consisting of options u.

A statement model M = (A; R) C % x % represents
preferences between options:

— A is the set of those options that You
— R is the set of those options that You

Option relations

ubvesu—veA weak preference
ur»vesu—veD strict preference

u=vesu—vel indifference



Statement models: rationality criteria

A statement model M satisfies: Rationality criteria: No Confusion

M1. ANR=10 . .
You mustn’t accept and reject the same option:

ANR=0.



Statement models: rationality criteria

A statement model M satisfies: Rationality criteria: Deductive Closure

M1. ANR=0

You ought to accept any of options You
M2. A is a convex cone

accept:
posi(A) = A, so A is a convex cone.



Statement models: rationality criteria

A statement model M satisfies: Rationality criteria: Indifference to Status Quo

M1. ANR=10
You ought to accept the Status Quo:
M2. A is a convex cone
0eA,
M4, 0 €A

and therefore be indifferent to it, because then also

—-0=0€cA.



Statement models: rationality criteria

A statement model M satisfies:
M1.

M2.
M3.
M4.

ANR=10

A is a convex cone
sh(R)—ACR
0€A

Rationality criteria: No Limbo
Consider any

option u, then there are two possibilities:

— reject u: ALWAYS POSSIBLE
— accept u: IMPOSSIBLE if posi(AU{u})NR #0

You ought to reject all unresolved options that couldn’t be accepted
without creating conflict:

sh(R) —A CR.



Statement models: rationality criteria

A statement model M satisfies:
M.
M2.
M83.
M4,
M5.

ANR=10

A is a convex cone
sh(R)—ACR
0€A

D=—-R

Rationality criteria: Rejection Restriction

You should only reject options that You're willing to give away:
RC-A

or equivalently
D=AN—R=—R.
Hence, the model
M= (A;R)=(A;-D)

is by the and options.



Statement models: rationality criteria

A statement model M satisfies: Rationality criteria: Summary
M1. ANR=0 : ) .
. A couple M = (A; —D) is an Accept-Desirability model, or AD-model,
M2. A is a convex cone s0 M € Mpp, if:
M3. sh(R)—A CR
ADM1. 0c A
M4. 0€A
ADM2. 0 ¢ D
M5. D= —R
ADM3. DCA

ADM4. A, D are convex cones
ADM5. D+ACD

These conditions are
There is a conservative inference mechanism that takes any

assessment to the
(componentwise), if it exists.



Statement models: backgrounds

M=(A;-D)is if:

ADM!1
ADM2
ADM3
ADM4

ADMS.

.0€A

.0¢D

.DCA

. A,D are convex cones
D+ACD

A background AD-model V = (Vi ; V. ) € Map exhibits the weak and
strict preferences and indifferences that are always there, even before
You've started thinking about the decision problem.

The background AD-model V € Mpp represents

We also call it the vacuous AD-model.



Statement models: backgrounds

M= (A;-D)is if:

ADM!1
ADM2
ADM3
ADM4

ADMS.

.0€A

.0¢D

.DCA

. A,D are convex cones
D+ACD

A background AD-model V = (Vi ; V. ) € Map exhibits the weak and
strict preferences and indifferences that are always there, even before
You've started thinking about the decision problem.

The background AD-model V € Mpp represents
We also call it the vacuous AD-model.

Acouple M = (A; —D) is an AD-model that respects the AD-
background V € Map, so M € Map(V), if:

ADM1. VCM,so Ve CAandV, CD
ADM2. 0 ¢ D

ADM3. DCA

ADM4. A, D are convex cones

ADM5. D+ACD



“It's probability theory, Jim, but not as we know it.”
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Archimedean models: the basics

Structural assumptions

The option space %, provided with a norm |[¢||,,, is a

The norm |||, induces a on 7/, with interior

) operator Int and closure operator CI.
Propertles of a norm |[e|| 4, :

) Ml = 0: A real functional I": % — R is bounded if its operator norm ||I"[|,. is:
() lullz, =0 u=0; (W)
u
(i) [Ju+vlg <llullg +Ivileg: Iy = sup < +oo

Uullg
() Aullg =12l wear\(o) 1l



Y IS a

: the basics
Structural assumptions
The option space 7%/, provided with a norm ||

Archimedean models
on % , with interior

’ The norm |||, induces a
4 operator Int and closure operator CI.
1 ‘/>
A real functional I': % — R is bounded if its operator norm [|T'||.,- is
T (u)]
IT[l - = sup < oo
ucu \{0} ||MH0//

Take as unit element 14, any element in the interior of V). :
10)/ € Int(V,)



Archimedean models: buying and selling price functionals

Other ways to characterise Your preferences?
Let C be any convex cone in 7/ that includes Int(V). ), then:
Buying price functional:

Ac(u) =sup{a eR: u—oly €Clforallu e %

Selling price functional:

Ac(u) :=inf{B €R: Blyy —u € C}forallu ¢ %

Conjugacy:

Ac(u)=—Ac(—u)forallu e %



Archimedean models: buying and selling price functionals

Other ways to characterise Your preferences?
Let C be any convex cone in 7/ that includes Int(V, ), then
Buying price functional:

Ac(u) =sup{a e R: u—aly € C}forallu e %
Selling price functional:

Ac(u) =inf{f eR: flyy —u e C}forallu e %
Conjugacy:

Ac(u)

—Ac(—u)forallu e 7
Converse relation to the convex cone C

uent(C) < Ac(u) >0and u € CI(C) & Ar(u) >0

The real functional A characierises C up to its topological boundary.



Archimedean models:

buying and selling price functionals

Price functionals for an AD-model M € Map(V)
Buying price functional:

Ay (u) =sup{a e R: u—aly €A}

=sup{ax € R: u—oly € D}
Selling price functional:

Ay (u) =inf{B € R: Bly —u € A}

=inf{ € R: Bly —u € D}

AM:AA:ADandKM:KA:KD.



Archimedean models: coherent (lower and upper) previsions

P

=l

Coherent lower prevision

A real functional P: Z — Ris a if and only if
there is some M € Mpp(V) such that P = Ay,.

Coherent upper prevision

A real functional P: % — R is a coherent upper prevision if and only if
there is some M € Map (V) such that P = Ay.

Coherent prevision

A real functional P: % — Ris a if and only if there
is some M € Map(V) such that P = Ay, = Ay



Archimedean models: coherent (lower and upper) previsions

Characterisation
A real functional P: ZZ — Ris a

if and only if
L1. P(u+v)>P(u)+P(v)forallu,v e %
L2. P(Au)=AP(u)forallu € % and allreal A >0
L3. [|P[l40 < oo
L4. P(u+oly)=P(u)+aforalu € 2 and all real o
L5. ifu € Vy then P(u) > Oforallu € %
Areal functional P: % — Ris a if and only if

P1. P(u+v)=P(u)+P(v)forallu,v € %
P2. [|P|l50 < +oo
P3. P(1,) =1

P4. ifu € V, then P(u) > Oforallu € %



Archimedean models: coherent (lower and upper) previsions

Vacuous lower and upper previsions
Price functionals associated with the

Infy := Ay and Supy, == Ay.



Archimedean models: coherent (lower and upper) previsions

Vacuous lower and upper previsions
Price functionals associated with the V:

Infy := Ay and Supy, == Ay.

Simpler characterisation

A real functional P: % — Risa if and only if
LO. P(u) > Infyu

L1. P(u+v)>P(u)+P(v)forallu,v e %
L2. P(Au) =AP(u)forallu € 7 and allreal A > 0

Areal functional P: % — Ris a if and only if
PO. P(u) > Infyu
P1. P(u+v)=P(u)+P(v)forallu,v € %



Archimedean models: coherent (lower and upper) previsions

A real functional P: % — R is a coherent lower prevision if and only if
it is the of some set .7 of coherent previsions:

P(u)=inf{P(u): P .} foralluc%.
In that case, the largest such set is the convex and (weak*)-closed

AMP)={P: (YuecZ)P(u)>Pu)}.

This is an instance of the

The vacuous lower prevision Infy is the of the set of all
coherent previsions IP.
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CLASSICAL PROBABILITY



Classical probability: gambles as options

Consider a X that assumes values in some non-empty set .7,
but whose value You don’t know.




Classical probability: gambles as options

Consider a X that assumes values in some non-empty set .7,
but whose value You don’t know.
Z'={a,b} A bounded map /: .2"— R represents an f(X); we
callita

a




Classical probability: gambles as options

1y

Consider a X that assumes values in some non-empty set .7,
but whose value You don’t know.

A bounded map f: 2 — R represents an f(X); we
callita
The gambles constitute a ¢ with

[[f[les == sup |f (x)| = suplf]
xe&

and as 14 the constant map 1:

lgy(x)=1forallx € Z.



Classical probability: background model
1%

is the statement model on the vector space ¢ that is always there,
regardless of what You may believe or prefer:

it represents

So, what is Your V = (A;R) under complete
ignorance?



Classical probability: background model

strong dominance ordering

f>0< inff >0

weak dominance ordering

f>0<inff>0

Y=o

The background model V

is the statement model on the vector space ¢ that is always there,
regardless of what You may believe or prefer:

it represents

So, what is Your V = (A; R) under complete
ignorance?

Between strong and weak dominance ordering:
<{f20; —J>0> CcCVC <J>0 —(ﬁ>0>.
This implies that

Infy f = inff = inf{f (x): x € £}, for all gambles f.



Classical probability: background model

The background model V

is the statement model on the vector space ¢ that is always there,
regardless of what You may believe or prefer:

it represents

So, what is Your V = (A; R) under complete
ignorance?

A := Your set of accepted gambles

R = Your set of rejected gambles

D := Your set of desirable gambles = AN —R
I := Your set of indifferent gambles = AN —A

NO CONFUSION: ANR = 0.
ACCEPT-DESIRABILITY: 0 € Aand R C —A.



Classical probability: background ordering
The one with constants:
Uu>0=puly cA

(inff > pand uly €A) = f €A
inff >0=f€cA

u<0=puly €RrR
(supf <pand uly €R) =f€R

supf <0=f€R.



Classical probability: background ordering
The one with constants:
Uu>0=puly cA

(inff >pand uly €A) =f €A
inff>0=fcA

2'={a,b}

A u<0=uly R
(supf <pand uly €R) =f€R
@ supf <0=f€R.

So:
{fe¥: inff >0} CAand {f €¥: supf <0} CR




Classical probability: background ordering

The one with complete ignorance:
A is invariant under permuting and lumping elements of 2.

(feAandg(2)Cf(2))=gcA
As a consequence:

fEA=f(x)ly e Aforallxe 2 [Complete Ignorance]
=f(x)lg ¢ Rforallx e 2 [No Confusion]
= f(x)>0forallxe 2 [Eq. (1)]
= inff >0



Classical probability: background ordering

The one with complete ignorance:
A is invariant under permuting and lumping elements of 2.

(feAandg(2) Cf(2)) =geA
As a consequence:

fEA=f(x)ly e Aforallxe 2 [Complete Ignorance]
=f(x)lg ¢ Rforallx e 2 [No Confusion]
= f(x)>0forallxe 2 [Eq. (1)]
= inff >0

So:

AC{fe¥: inff >0} 2)
{feg: inff >0} CA



Classical probability: background ordering

The one with the conclusion:
Combining Egs. (1) and (2) with No Confusion yields:
A={fe%: inff >0}
{f€9: supf <0} CRC{f€¥: inff <0}
—A={fe¥9: supf <0}
{fe9: inff >0} C—RC{fe¥: supf >0}
{fe’: inff >0} CDC{fe¥: inff >0andf #0}
I={0}.




Classical probability: background ordering

The one with the conclusion:
Combining Egs. (1) and (2) with No Confusion yields:

strong dominance ordering
>0 inff >0
A={fe9: inff >0}
G {f€9: supf <0} CRC{f€¥: inff <0}
—A={fe¥: supf <0}
{fe?: inff >0} C—RC{fe¥: supf >0}
{f€: inff >0} CDC{fec¥: inff >0andf #0}
1=1{0}.

strict weak dominance ordering

f>0<inff>0andf#0
Hence,

A=%pand %o C D C % andl={0}.
{f>0 a



Classical probability: coherent previsions

Z'={a,b}

The coherent previsions on ¢
Expansion in the standard basis:

f=Y 0.

xe&

By
P(f)= Y fx)P(Iy) = (plf).
xe N——
p(x)
By the P > Infy = inf:
Z p(x)=1and p(x) > 0.
xeX

P is a coherent prevision if and only if it's the
associated with a (finitely additive)

operator



ACCEPT

& REJECT




QUANTUM PROBABILITY



Quantum IP
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Quantum probability: measurements as options

Consider a quantum system whose unknown state |¥) lives in an n-
dimensional complex Hilbert state space .2, so

|¥) € £ and (¥|¥) = 1.

Any measurement corresponds to some A, and its
outcome is . Its reward is the measurement outcome.

All measurements constitute a real n>-dimensional Hilbert space 7,
with (Frobenius) inner product

(A,B) :=Tr(A'B) = Tr(AB), forall A,B € 7,

corresponding (Frobenius) norm

1Al =/ (A,4) = \/Tr(AIA) for all A € 2,

and unit measurement 1, == 1.



Quantum probability: background model

is the statement model on the vector space 77 that is always there,
regardless of what You may believe or prefer:

it represents

So, what is Your V = (A;R) under complete
ignorance?



Quantum probability: background model

The background model

is the statement model on the vector space .77 that is always there,

strong dominance ordering ;
regardless of what You may believe or prefer:

A>0 < minspecA >0

soAls : it represents

weak dominance ordering So, what is Your V = (A:R) under complete
A >0 < minspecA >0 ignorance?

so A is

Between strong and weak dominance ordering:

strict weak dominance ordering A=H0and Ao CD=—RC Ay

A >0 < minspecA >0and A #0 This implies that

SO A is and . A .
Infy A = minspecA, for all measurements A € 7.



Quantum probability: coherent previsions

The coherent previsions on ¢

By and the Riesz Representation Theorem, there is some
unigque Bp € 7 such that

P(A) = (Bp,A) = Tr(BpA) for all A € 2.

. . By the P > minspec(e):
Recall that a density operator p is
a positive semidefinite Hermitian _ - Sy N
operator such that Trp = 1. Bp is positive semidefinite and Tr(Bp) = 1,

so there’s a density operator p € 77 such that

P(A)=Tr(pA) forall A € # [Born’s rule]



CONCLUSIONS



— in the form of AD-models, acceptability, de-
sirability —is a system, if we allow for

precise probability = linearity + background ordering.

the between classical and quantum probability lies

the between classical and quantum probability is
, and stares you in the face as soon as you have the right
language to express probabilities in.

the is determined by what it means to be
completely ignorant, and therefore by the * " of the problem.

working with sets of desirable measurements =

working with sets of density operators =



