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Abstract

We show that the space of quantum pure states is not enough to uniquely recover the space
of quantum ensembles, and therefore it is not enough to characterize quantum mechanics. The
space of statistical ensembles, on the other hand, is enough to distinguish between the two.

1 Introduction

While most efforts within the foundations of quantum mechanics focus on pure states, we show they
are not enough to characterize quantum mechanics. It is the space of statistical ensemble that marks
the difference and, therefore, statistical mechanics plays a crucial role in the difference between the
two theories.

2 Classical and quantum conditions

Let us first give a condition that characterizes the classical state space. We characterize the states,
the ensembles and their conditional probability.

Condition CST (Classical state space). The state space is represented by a symplectic manifold
(X,w), typically charted by conjugate quantities (i.e. local Darboux coordinates) (q;,p;) € R®", where
n is the number of independent degrees of freedom (DOF). The count of configurations for each DOF
over a region ¥ is gwen [s dpidg; = Js,w and the count of states is given by the Liouville measure
,LL(U) = fU dqldqndpldpn = [U w". )

The ensemble space is represented by the set of probability distributions p(q*,p;) (i-e. probability
measures that are absolutely continuous with respect to the Liouville measure).

The conditional probability over states is given by p(&1|€2) = 0 = p(&l&1) for all £1,& € X,
meaning that all states represent mutually exclusive events.

We now characterize quantum state space in the same way. However, we break up the three
elements (i.e. state, ensembles, conditional probability) into three separate conditions.

Condition QP-RAY (Quantum state space only). The state space of a quantum system is rep-
resented by the projective space P(V') of a complex topological vector space V.
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Condition QE-DENS (Quantum ensemble space). The state space of a quantum system is rep-
resented by the projective space P(H) of a separable complex Hilbert space H. The ensemble space
is represented by the density operators D(H).

Condition BR-BORN (Conditional expectation from Born rule). The conditional probability

p:P xP —[0,1] is given by the Born rule. That is, p(1|$) = 7@'%({;}3

3 Theorems

The main observation is that we can satisfy QP-RAY and CST at the same time. The complex
nature of the inner product space makes sure that the projective space is symplectic, and therefore
it can be used in the context of classical mechanics.

Theorem 1. Conditions QP-RAY and CST are consistent. In fact, they are consistent if and only
if 1 <dim(V') < oo.

Proof. Suppose QP-RAY and CST are assumed. Then the state space X is both a symplectic
manifold and a complex projective space. Since X is a symplectic manifold, then 2 < dim(X) < oo.
This means that 1 < dim(V') < oo. O

We can, in fact, provide a simple example which is interesting to understand the difference
between the hybrid and the true quantum case.

Ezample 2 (Classical qubit). Let H be a two dimensional Hilbert space. The projective space is
a two-sphere, which is a symplectic manifold with Darboux coordinate z and ¢,,. The Liouville
measure is given by the areas on the sphere (i.e. the solid angle). The statistical ensembles are given
by probability measures p(z, 8, ). Moreover, Hamiltonian evolution can be defined as exactly those
diffeomorphism for which the volume, and therefore the entropy, is conserved. Quantum evolution
corresponds exactly to rotations, which is the sub-case in which the Hamiltonian is linear (i.e. a
function of a direction in the embedding three dimensional space of the sphere).

Remark. While the space of pure states of the classical and quantum qubits are the same, and
therefore we still have a notion of superposition and other elements of quantum mechanics, the
space of ensembles is radically different. The Born rule would have to be p(¢|¢) = 04, consistently
with classical statistical mechanics, as all pure states are mutually exclusive.

We now see that the notion of classical ensemble and quantum ensembles are different.

Theorem 3. Conditions QE-DENS and CST are inconsistent.

Proof. Suppose QE-DENS and CST are assumed. Fix a two-dimensional subspace A. By CST,
the space of ensembles with support in A correspond to the space of absolutely continuous proba-
bility measures over a sphere, which is an infinite dimensional space. By QE-DENS, the space of
ensembles with support in A correspond to the Bloch ball, which is three dimensional. This is a
contradiction, which means QE-DENS and CST are inconsistent. O

Insight 4. The space of statistical ensembles is necessary to distinguish between classical and
quantum spaces.

Lastly, we can show that each quantum ensemble is an equivalence class of classical distributions
over the pure states.



Theorem 5. Over QE-DENS, let M*(P(H)) be the set of probability measures, non necessarily
absolutely continuous, over the states. Then there exists an equivalence relationship ~ < M (P(H))x
M*(P(H)) such that D(H) = M"'(P(H)),-.

Proof. Note that D(H) is a convex set with P(#H) as extreme points. Therefore, for every
probability measure p € M (P(H)), there exists an element p € D(H) represented by u in the sense
of Choquet theory. That is, for every continuous linear functional f: D(H) — R, f(p) = [ f(¢)dpu.
Let r : M'(P(H)) - D(H) be the map between the probability measure and the ensemble it
represents. Define yy ~ pg if 7(p1) = r(p2). Then D(H) = M'(P(H)),... O

The equivalence class keeps track of all possible decompositions of mixed ensembles in terms of
pure ensembles. Note that r defined about is affine, so any affine function of quantum ensembles
is also an affine functional of the probability measures over quantum states. The converse is not
true, and those are exactly the random variables that would distinguish between different possible
preparations of the same ensemble.

4 Conclusion

Quantum mechanics cannot be understood by simply looking at pure states, their properties and
their evolution. On the other hand, since the difference in the convex space of ensembles is enough to
distinguish between the two theories, understanding the difference between classical and quantum
mechanics requires understanding the difference between their statistical counterparts.
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