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Abstract

We show that the lower bound on the entropy given by the third law of thermodynamics
gives rise the classical uncertainty principle σqσp ≥ h̵

e
. For non-conjugate variables, the rela-

tionship becomes σfσg ≥ h̵
e
eE[ln ∣{f,g}∣], where E[ln ∣{f, g}∣] is the expectation of the logarithm

of the absolute value of the Poisson bracket.

1 Introduction

The third law of thermodynamics states that the entropy of a system cannot be negative, imposing
a lower bound on the entropy of any system. Here we show incorporating that bound in classical
statistical mechanics recover a classical version of the quantum uncertainty principle:

σqσp ≥
h

2πe
=
h̵

e
.

In this context, h is defined as a region of phase space for which a uniform distribution has zero
entropy. The 2πe factor appears because the gaussian is the distribution that minimizes the uncer-
tainty.

Note: for convenience, the entropy is measured in nats, meaning that we use the natural loga-
rithm and we set the Boltzman constant to kB = 1. Since we are looking at zero entropy, a change
of units does not change the result.

2 Information vs physical entropy

Condition CPS (Classical phase space). The space of states for a classical system with n degrees
of freedom (DOFs) is given by all possible values of position and momentum (qi, pi) ∈ R2n. The
count of configurations for each DOF over a region Σ is given ∫Σ dpidqi = ∫Σ ω and the count of
states is given by the Liouville measure µ(U) = ∫U dq1⋯dqndp1⋯dpn = ∫U ωn.

A statistical ensemble is given by a probability distribution ρ(qi, pi) (i.e. a probability measure
that is absolutely continuous with respect to the Liouville measure). The entropy is given by the
Gibbs/Shannon entropy

S[ρ] = −∫
M

ρ ln(hnρ)dq1⋯dqndp1⋯dpn,

where h is a constant with units of phase space areas.
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Note that we introduced a constant h to make the formula of the entropy dimensionally correct.
The physical meaning of h is connected to regions corresponding to zero entropy.

Corollary 1. Let ρU be the uniform probability distribution over a region U of phase space. Then
S[ρU ] = 0 if and only if µ(U) = hn.

Proof. The entropy for a uniform distribution reduces to S[ρU ] = ln
µ(U)
hn . The logarithm is zero

if and only if µ(U)
hn = 1.

The third law of thermodynamics imposes that the entropy of every physical system is non-
negative. If a classical statistical ensemble corresponds to a physically realizable state, then its
entropy must be non-negative as well. We have the following condition.

Condition ZENT (Lower entropic bound). The entropy of each independent DOF must be non-
negative. That is, if q and p form an independent DOF, then S[ρ(q, p)] ≥ 0 where ρ(q, p) is the
marginal over the DOF.

The goal is to show that the following condition follows from the previous.

Condition CUP (Classical uncertainty principle). The uncertainty on each DOF is bounded by

σqσp ≥
h̵

e
.

The equality is obtained if and only if position and momentum are independent gaussian distribu-
tions.

If f and g are two non-conjugate variables that span a DOF (i.e. there exists two conjugate
variables q and p such that (f(q, p), g(q, p)) is invertible), then

σfσg ≥
h̵

e
eE[ln{f,g}].

Theorem 2. Condition ZENT imples CUP over CPS.

Proof. We first show that the product of two independent gaussians minimizes the uncertainty for
a given value of the entropy. We use Lagrange multipliers to minimize the product of the variances
σ2
qσ

2
p ≡ ∫ (q − µq)

2ρdqdp ∫ (p − µp)
2ρdqdp, where µq and µp are the mean position and momentum,

under two constraints: ρ integrates to 1 and its entropy is S. We have:

L =∫ (q − µq)
2ρdqdp∫ (p − µp)

2ρdqdp

+ λ1(∫ ρdqdp − 1) + λ2(−∫ ρ ln(hρ)dqdp − S)

δL =∫ δρ[(q − µq)
2σ2

p + σ
2
q(p − µp)

2
+ λ1 − λ2 ln(hρ) − λ2]dqdp = 0

λ2 ln(hρ) =λ1 − λ2 + (q − µq)
2σ2

p + σ
2
q(p − µp)

2

ρ =
1

h
e

λ1−λ2
λ2 e

(q−µq)2σ2
p

λ2 e
σ2
q(p−µp)2

λ2
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We recognize the distribution as the product of two independent Gaussians. We can therefore use
the standard expression and calculate the entropy, which must be zero. We find:

ρ =
1

2πσqσp
e
−
(q−µq)2

2σ2
q e

−
(p−µp)2

2σ2
p

S[ρ] = ln(2πe
σqσp

h
) = S

σqσp =
h

2πe
eS[ρ] =

h̵

e
eS[ρ]

where h̵ = h
2π

. Since, by ZENT, S[ρ] ≥ 0, we have

σqσp ≥
h̵

e
(3)

for each DOF. Note that equality hold exactly when they the joint distribution is the product of
two independent gaussians.

Now, let (q, p) and (f, g) related by an invertible transformation. Moreover, let the product of
their physical units be the same. Note that the Poisson bracket is exactly the Jacobian determinant
of the tranformation. In fact

{f, g} = ∂qf ∂pg − ∂pf ∂qg = ∣
∂qf ∂pf
∂qg ∂pg

∣ . (4)

Therefore, ρqp(q, p) = ρfg(f, g)∣{f, g}∣ and ∣{f, g}∣ will be a pure number. Note the absolute value,
as the Poisson bracket can be negative for if the map is not orientation preserving. If assume the
transformation is order preserving, we have

0 ≤ S[ρqp] = −∫ ρqp ln(hρqp)dqdp

= −∫ ρfg{f, g} ln(hρfg{f, g})dqdp

= −∫ ρfg ln(hρfg{f, g})dfdg

= −∫ ρfg ln(hρfg)dfdg − ∫ ρfg ln({f, g})dfdg

= −∫ ρfg ln(hρfg)dfdg − ∫ ρfg ln({f, g})dfdg

which means

−∫ ρ(f, g) ln(hρ(f, g))dfdg ≥ E[ln({f, g})].

The entropy as calculated on the new variable, then, have a lower bound given by the expectation
of the logarithm of the Poisson bracket. Using again the fact that gaussian distributions minimize
uncertainty, and noting the entropy does not change under non-orientation preserving changes of
variables, we have

σfσg ≥
h̵

e
eE[ln ∣{f,g}∣]. (5)
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Remark. The converse CUP Ô⇒ ZENT does not hold. One can introduce an arbitrarily large
correlation to q and p that would increase the uncertainty on those variables while keeping the
entropy the same. Therefore, putting a lower bound on the uncertainty does not put a lower bound
on the entropy.

3 Conclusion

We have found a classical analogue of the quantum uncertainty principle due to the lower bound on
the entropy. Note this lower bound on the entropy is already present in quantum mechanics as pure
states have zero entropy. We conclude that, in general, the uncertainty principle is a consequence
of the entropic lower bound.
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